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This note describes the algorithms used in the author’s 2007 implementations of MMA and
GCMMA in Matlab. The first versions of these methods were published in [1] and [2].

1. Considered optimization problem

Throughout this note, optimization problems of the following form are considered, where the
variables are x = (z1,...,2,)" € R", y = (y1,...,Ym)' € IR™, and z € IR.

m
minimize fo(x) + aoz + » (i + 3di?)
. =1 . (1.1)
subject to  fi(x) —a;z—y; <0, i=1,...,m

xeX, y>0, z>0.

Here, X = {x € R" | x;-nin < z; < aP™, j=1,...,n}, where :c;nin and '™ are given
real numbers which satisfy x}nin < @ for all j, fo,f1,...,fm are given, continuously
differentiable, real-valued functions on X, ag, a;, ¢; and d; are given real numbers which
satisfy ag > 0, a; > 0, ¢; > 0, d; > 0 and ¢; +d; > 0 for all 4, and also a;c; > ag for all ¢

with a; > 0.

In (1.1), the “natural” optimization variables are zi,...,x,, while y1,...,yn and z are
“artificial” optimization variables which should make it easier for the user to formulate and
solve certain subclasses of problems, like least squares problems and minmax problems.

As a first example, assume that the user wants to solve a problem on the following “standard”
form for nonlinear programming.

minimize fo(x)

subject to  fi(x) <0, i=1,...,m (1.2)

x € X,
where fo, f1,..., fm are given differentiable functions and X is as above. To make problem
(1.1) (almost) equivalent to this problem (1.2), first let ag = 1 and a; = 0 for all i > 0. Then
z = 0 in any optimal solution of (1.1). Further, for each i, let d; = 1 and ¢; = “a large

number”, so that the variables y; become “expensive”. Then typically y =0 in any optimal
solution of (1.1), and the corresponding x is an optimal solution of (1.2). It should be noted



that the problem (1.1) always has feasible solutions, and in fact also at least one optimal
solution. This holds even if the user’s problem (1.2) does not have any feasible solutions, in
which case some y; > 0 in the optimal solution of (1.1).

As a second example, assume that the user wants to solve a “min-max” problem on the form

minimize max {hi(x)}

subject to g;(x) <0, i=1,...,q (1.3)
x € X.

where h; and g; are given differentiable functions and X is as above. It is assumed that
the functions h; are non-negative on X (possibly after adding a sufficiently large constant C
to each of them, the same C for all h;). For each given x € X, the value of the objective
function in problem (1.3) is the largest of the p real numbers h;(x),. .., hy(x). Problem (1.3)
may equivalently be written on the following form with variables x € IR™ and z € IR:

minimize z

subject to 2z > h;(x), z =1,...,p (1.4)
gi(x) <0, i=1,...,q
xeX, z>0.
To make problem (1.1) (almost) equivalent to this problem (1.4), let m =p+¢q, fo(x) =0,
fi(x) = hi(x) for i = 1,...,p, fpri(x) =gi(x)fori=1,...,q, ap =a1 = -+ =ap =1,
Apy1 = "+ =0Qpyq=0, di = -+ =dp =1, ¢ = -+ = ¢, = “alarge number”.

As a third example, assume that the user wants to solve a constrained least squares problem
on the form

P
minimize 3§ ) (hi(x))?
: =1 : (1.5)
subject to g;(x) <0, 1=1,...,q
x € X.
where h; and g; are given differentiable functions and X is as above. Problem (1.5) may
equivalently be written on the following form with variables x € IR™ and y1,...,y2 € IR:
P
minimize % (y? + ylz, i)
subject to yil;hi(x), i=1,...,p
Ypri > —hi(x), i=1,...,p (1.6)
gi(x) <0, i=1,...,q
yi>z0and yp4; 20, i=1,...,p
x € X.

To make problem (1.1) (almost) equivalent to this problem (1.6), let m = 2p+¢q, fo(x) =0,
fi(x) = hi(x) for i = 1,...,p, fp+i(x) = —hi(x) for i = 1,...,p, fopri(x) = ¢i(x) for
izl,...,q, a():l, ay = --- :am:0, d1: :dmzl, Cl = ~--- :Cgp:(],
Copt1 = -+ = C2pyq = “a large number”.



2. Some practical considerations

In many applications, the constraints are on the form g;(x) < g"®*

max - where g;(x) stands for
e.g. a certain stress, while g;"®* is the largest permitted value on this stress. This means that
fi(x) = gi(x) — ¢/"** (in (1.1) as well as in (1.2)). The user should then preferably scale the
constraints in such a way that 1 < ¢gi"** < 100 for each ¢ (and not g*** = 1010). The objective
function fy(x) should preferably be scaled such that 1 < fy(x) < 100 for reasonable values on
the variables. The variables x; should preferably be scaled such that 0.1 < m}nax— x;-ni“ < 100,

for all j.

Concerning the “large numbers” on the coefficients ¢; (mentioned above), the user should for
numerical reasons try to avoid “extremely large” values on these coefficients (like 1010). It is
better to start with “reasonably large” values and then, if it turns out that not all y; = 0 in
the optimal solution of (1.1), increase the corresponding values of ¢; by e.g. a factor 100 and
solve the problem again, etc. If the functions and the variables have been scaled according to
above, then “resonably large” values on the parameters ¢; could be, say, ¢; = 1000 or 10000.

Finally, concerning the simple bound constraints :c;.nin < zj < 27, it may sometimes be

the case that some variables x; do not have any prescribed upper and/or lower bounds. In
that case, it is in practice always possible to choose “artificial” bounds xz.nin and z7** such
that every realistic solution x satisfies the corresponding bound constraints. The user should
then preferably avoid choosing z7"** — x}nin unnecessarily large. It is better to try some
reasonable bounds and then, if it turns out that some variable z; becomes equal to such an
“artificial” bound in the optimal solution of (1.1), change this bound and solve the problem

again (starting from the recently obtained solution), etc.

3. The ordinary MMA

MMA is a method for solving problems on the form (1.1), using the following approach: In
each iteration, the current iteration point (x*),y®*) 2(*)) is given. Then an approximating
subproblem, in which the functions f;(x) are replaced by certain convex functions fi(k)(x), is
generated. The choice of these approximating functions is based mainly on gradient infor-
mation at the current iteration point, but also on some parameters ugk) and l§k) (“moving
asymptotes”) which are updated in each iteration based on information from previous iter-
ation points. The subproblem is solved, and the unique optimal solution becomes the next
iteration point (x*1 y(+1) »(k+1))  Then a new subproblem is generated, etc.



The MMA subproblem looks as follows:

m
minimize fék)(x) +apz + Z(Ciyi + 1diy?)
i=1

subject to fi(k)(x)—aiz—yi <0, i1=1,...,m
3.1
o) <y < g, j=1,.m, &y
yi >0, i=1,...,m
z > 0.
In this subproblem (3.1), the approximating functions fi(k) (x) are chosen as
e o .
7 )(x):2< o+ — (k)) +r®i=0,1,...,m, (3.2)
=1\ —m m—
where
(B _ () _ (02 Ofi )" 0f; 10-
p) = (@) — 22 1001< > +0001< (x( )> —— |, 33
xj a h
(k) _ (B _ (02 Ofi ()" ofi 10~
¢t = M 12 (0. 001( ) + 1. 001< (x( )) —— |, (34
xj TP —
n (k) (k)
(k) _ pw 9i;
Jj=1 J
Ofi o\ ofi
Here, (x*)) ) denotes the largest of the two numbers ——(x*)) and 0,
6:5]- 8$J
o (O )y Ofi k)
while | =—(x'") ) denotes the largest of the two numbers ———(x'"’) and 0.
al'j axj
The bounds a§k) and ﬁj(k) in (3.1) and (5.1) are chosen as
ozg-k) = max{ azmm l](.k)+ O.I(xg.k)f l](-k)), *)_ . 5(z x;»nin) 1, (3.6)
B = min{ 22 W™ — 0.1(u"— 2, 2l 4 0.5(amex— gminy ), (3.7)

which means that the constraints aﬁ-k) <uz; < B](-k) are equivalent to the following three sets
of constraints:

x;nin <z; < x;“ax (3.8)
—0.9(z — 1) < &j — 2t < 0.9(ul" — 2y, (3.9)
—0.5(z — gty < g — ) < 0.p(amx— gminy, (3.10)



(k) (k)

The default rules for updating the lower asymptotes [’ and the upper asymptotes u; ~ are
pdating ymp ; pper asymp ;
as follows. The first two iterations, when £ =1 and k = 2,
l(k) — (k) — 0.5(pmax _ xmin ,
j(k) _ zk) ( max fnin) (311)
u;” = x4 0.5(x — ).
In later iterations, when k > 3,
k) _ (k) (k). (k=1) _ ;(k—1)
Goo= 2= (e G, (3.12)
k k k), (k—1 k—1 :
ué-) _ 33§~)+’Y](- )(ué ) x§ ))7
where
0.7 if (xgk) - mg-k_l))(mg.k_l) - $§k—2)) <0,
’y](»k) =< 1.2 if (xgk) — xg-k*l))(:v?*l) - xgkfm) > 0, (3.13)
. k k—1 k—1 k—2
1 if (xg ) 33§ ))(az§ ) xg )) =0,
provided that this leads to values that satisfy
(k) (k) max min
A A
l-k > k —10(™ax — min ,
A M B (319
ujk > Jk +001( — ),
u‘g ) S § ) + 10( max . :E;ﬂln).

(k) or U;k)

If any of these bounds is violated, the corresponding [ ;
of the violated inequality.

is put to the right hand side

Note that most of the explicit numbers in the above expressions are just default values of
different parameters in the fortran code. More precisely:

The number 1075 in (3.3) and (3.4) is the default value of the parameter raa0.
The number 0.1 in (3.6) and (3.7) is the default value of the parameter albefa.
The number 0.5 in (3.6) and (3.7) is the default value of the parameter move.
The number 0.5 in (3.11) is the default value of the parameter asyinit.

The number 0.7 in (3.13) is the default value of the parameter asydecr.

The number 1.2 in (3.13) is the default value of the parameter asyincr.

All these values can be carefully changed by the user. As an example, a more conservative
method is obtain by decreasing move and/or asyinit and/or asyincr.



4. GCMMA - the globally convergent version of MMA

The globally convergent version of MMA, from now on called GCMMA, for solving problems
of the form (1.1) consists of “outer” and “inner” iterations. The index k is used to denote
the outer iteration number, while the index v is used to denote the inner iteration number.
Within each outer iteration, there may be zero, one, or several inner iterations. The double
index (k,v) is used to denote the v:th inner iteration within the k:th outer iteration.

The first iteration point is obtained by first chosing x() € X and then chosing y) and z(1)
such that (x(1), y(M), (D) becomes a feasible solution of (1.1). This is easy. An outer iteration
of the method, going from the k:th iteration point (x*), y*) 2(A) to the (k + 1):th iteration
point (xF+1D y(*+1) 2 (E+1)) “can be described as follows:

Given (x®) y®) (k) an approximating subproblem is generated and solved. In this sub-
problem, the functions f;(x) are replaced by certain convex functions fi(k’o)(x). The optimal
solution of this subproblem is denoted (%#:0) §(*:0) 2(%.0)) Tf ﬂ(k’o)(i(’f’o)) > fi(x%*%0)) for all
i=0,1,...,m, the next iteration point becomes (xk+1) y(k+1) (k+1)y — ((k.0) §(k0) 2(k.0))
and the outer iteration is completed (without any inner iterations needed). Otherwise, an
inner iteration is made, which means that a new subproblem is generated and solved at
x(F) | with new approximating functions fi(k’l)(x) which are more conservative than fi(k’o)(x)
for those indices ¢ for which the above inequality was violated. (By this we mean that
fi(k’l)(x) > fi(k’o) (x) for all x € X®) except for x = x(*) where ;.(k’l) (x*)y = fi(k’o) (x(#).)
The optimal solution of this new subproblem is denoted (x*:1), (k1) 2(k:1)) " 1f f;-(k’l) (%1 >
f;(x%1), for all i = 0,1,...,m, the next iteration point becomes (x*F+1) y(h+1) (k+1)y —
(x*D) k1) 2(k1)) “and the outer iteration is completed (with one inner iterations needed).
Otherwise, another inner iteration is made, which means that a new subproblem is generated
and solved at x*)| with new approximating functions fi(k’Q)(x), etc. These inner iterations are
repeated until fNZ-(k’V) (ﬁ(k’”)) > fi(fc(k’”)) for all 4 = 0,1,...,m, which always happens after
a finite (usually small) number of inner iterations. Then the next iteration point becomes
(x(k+1) y(ktD) (k1)) — (g(kw) §hw) 2(k)) and the outer iteration is completed (with v
inner iterations needed).

It should be noted that in each inner iteration, there is no need to recalculate the gradients
\Y% fi(x(k)), since x(*) has not changed. Gradients of the original functions f; are calculated
only once in each outer iteration. This is an important note since the calculation of gradients
is typically the most time consuming part in structural optimization.



The GCMMA subproblem looks as follows, for k € {1,2,3,...} and v € {0,1,2,...}:

m
minimize N(gk’y)(x) + apz + Z(czyl + %dlyf)

i=1
subject to fl-(k’y)(x) —a;z—y; <0, i1=1,...,m
| (1)
a‘g.k)éxjg/g‘;k)? ]:17"'7n7
y; > 0, 1=1,....,m
z > 0.
In this subproblem (4.1), the approximating functions fi(k’y) (x) are chosen as
w0 )
FEx) = < f,:gj + (k)> +r" =01, m, (4.2)
=1\ —m o w—
where
+ (kv)
pi) = (M — 22 (1. 001<8f’ ) + 0.001 ( Ofi (x{ )) + P ) 43
Zj TP — 2
’ of; * of; o)
g = (@ 2 0001< Ji( ) + 1001< f( )> + P ) (44
xj TP — 2t
n (k V) (k,v)
(k v) _ 35
( BCE z<.k>> | (5)
Jj=1 J J J

Note: If pgk’yﬂ) > pgk’y) then fik’yjL )(X) is a more conservative approximation than fi(k’y)(x).

Between each outer iteration, the bounds ag-k) and BJ(-k) and the asymptotes lj(-k) and ug-k)

updated as in the original MMA, the formulas (3.6)—(3.14) still hold.
(k)

The parameters p; *’ in (4.3) and (4.4) are strictly positive and updated according to below.
Within a given outer iteration k, the only differences between two inner iterations are the
values of some of these parameters. In the beginning of each outer iteration, when v = 0, the

following default values are used:

are

Afi

(k0) _
Pi axj

J J

22 (x( )‘(mma" — M) - for i =0,1,..,m. (4.6)

If any of the right hand sides in (4.6) is < 1076 then the corresponding p(k’o) is set to 1076,

)



(k,v)

In each new inner iteration, the updating of p; is based on the solution to the most recent

subproblem. Note that fi(k’y)(x) may be written on the form:
),

%

FEx) = i) + p

where h(k)(x) and d*)(x) do not depend on p(k’y). Some calculations give that

7 )

n (k) _ (k) (k)\2
wy ' — U ) (g —
d®)(x) = Z G (4] J )Ek)] i) (4.7)
=1 (g = @) (g = 1G7) (2 — ayh)

Now, let

e _ B — k) 18

b A () (4.8)
Then h’(k) (i(kw)—'_(pz('k’y)*' 5§k7y))d(k)(§<(k’y)) = fz’(fc(k’u)), which shows that ,OZ(-kW)ﬂL 51'(k’y) might
(kp+1)

be a natural value of p . In order to get a globally convergent method, this natural value

is modified as follows.
p(k’y+1) = min{1.1 (pgk’y)—i— 5Z-(k’y)) , IOp(k’V)} if

)

k,v+
pg 1)

pl(-k’y) if

It follows from the formulas (4.2)—(4.5) that the functions fi(k’y) are always first order ap-
proximations of the original functions f; at the current iteration point, i.e.

o ) o) 0
fi(k, )(X(k)) — fz’(X(k)) and T(X(k)) — Ti(x(k))‘ (4.10)
J J

Since the parameters pgk’”) are always strictly positive, the functions fi(k’y) are strictly convex.

This implies that there is always a unique optimal solution of the GCMMA subproblem.

There are at least two approaches for solving the subproblems in MMA and in GCMMA, the
“dual approach” and the “primal-dual interior-point approach”.

In the primal-dual interior-point approach, a sequence of relaxed KKT conditions are solved
by Newton’s method. We have implemented this approach in Matlab, since all the required
calculations are most naturally carried out on a matrix and vector level. This approach for
solving the subproblem is described next.



5. A primal-dual method for solving the subproblems in MMA and GCMMA

To simplify the notations, the iteration indices k and v are now removed in the subproblem.
Further, we let b; = —rgk’y), and drop the constant r[()k’y) from the objective function.

Then the MMA /GCMMA subproblem becomes

m
minimize go(x) + agz + Z(Czyz + 3diy?)

i=1
subject to g;(x) — aiz —y; < by, 1=1,...,m (5.1)
z2>0, y; >0, 1=1,....m

where

n
Dij qij .
(x) = =0,1,... 2
6i(2) Z(W_xﬁxj_zj)’ Pi=0.1,...m, (5.2
7=1
and where I; < o < B; < uy; for all j.

5.1. Optimality conditions for the MMA /GCMMA subproblem

Since the subproblem (5.1) is a regular convex problem, the KKT optimality conditions
are both necessary and sufficient for an optimal solution to (5.1). In order to state these
conditions, we first form the Lagrange function corresponding to (5.1).

L = go(x)+aoz + Z(Czyz +3diy?) + Z Aigi(z) — aiz — yi — b;) +
i=1 = 1
n (5.3)
+ Z(fj( 55]) + 77] Z HiYi — G2,

J=1

where A= (A, .., Am)T, €= (&, &) = (s ma) ™ = (o )™
and ( are non-negative Lagrange multipliers for the different constraints in (5.1).

Let

¥(x,\) = golx +§ Nigi(x fE (pjm + q]m), (5.4)
= uj —x; T~
where

pi(\) =poj + Y _Aipij and q;(N) = qo; + Y Nigij. (5.5)

Then the Lagrange function can be written

L = (&, N+ (a0 — Q)z+ > (& —x5) +my(w; — B;) +

m o (5.6)
+ > (i + 5diy? — Niaiz — Niyi — Nibs — i)
i=1



and then the KKT optimality conditions for the subproblem (5.1) become as follows.

g;’i—fijnj:O, j=1,...,n (0L/0x; =0)
ci+diyi—Ni—pi =0, i=1,....m (0L/0y; =0)
ap—C¢—Ma=0, (0L/0z = 0)
gi(x) —a;iz—y; —b; <0, i=1,...,m (primal feasibility)
Ai(gi(z) —aiz—yi—b;)) =0, i=1,...,m (compl slackness)
(ilaj—xj) =0, j=1,...,n (compl slackness)
nj(z; —p;) =0, j=1,...,n (compl slackness)
—uiy; =0, i=1,...,m (compl slackness)
—(z =0, (compl slackness)
aj <z; <P, j=1,...,n (primal feasibility)
—2<0 and —y; <0, ¢=1,...,m (primal feasibility)
& >0 and 7; >0, j=1,...,n (dual feasibility)
(>0 and p; >0, i=1,...,m (dual feasibility)
Ai >0, i=1,...,m (dual feasibility)
where
871# = p;(\) — % (\) and \a = Zm: Ai@;.

O;  (uj— ;) (xj—15)? —

10



5.2. The relaxed optimality conditions for the MMA /GCMMA subproblem

When a primal-dual interior-point method is used for solving the subproblem (5.1), the zeros
in the right hand sides of the complementary slackness conditions (5.7e)—(5.71) are replaced
by the negative of a “small” parameter £ > 0. Further, slack variables s; are introduced for
the constraints (5.7d). The relaxed optimality conditions then become as follows.

g;i—gﬁnj:o, j=1,....n (5.92)
cg+dy,— Ni— =0, i=1,....m (5.9b)
ag—C—Ma=0, (5.9¢)

gi(x) —aiz—yi+s;i—b;=0, i=1,....m (5.9d)
§i(zj—aj)—e=0, j=1,...,n (5.9¢)
nj(Bj —xj)—e=0, j=1,....,n (5.9f)
wiyi—e=0, i=1,...,m (5.9g)
(z—e=0, (5.9h)

Aisi—e=0, i=1,....,m (5.91)

rj—a; >0 and >0, j=1,...,n (5.9j)
Bj—x; >0 and n; >0, j=1,...,n (5.9k)
;>0 and pu; >0, i=1,...,m (5.91)
z>0 and (>0, (5.9m)

$; >0 and \; >0, i=1,...,m (5.9n)

For each fixed & > 0, there exists a unique solution (z,y, z, A, £, 1, i, , s) of these conditions.
This follows because (5.9a)—(5.9n) are mathematically (but not numerically) equivalent to
the KKT conditions of the following strictly convex problem in the variables x, ¢, z and s.

minimize go(x) + aoz + Y, (ciyi + %dz‘yiz) -

— e jlog(zj —aj) —e ), log(B; — x) —

—e) ;logy; —e) ;logs; —elogz (5.10)
subject to g;(x) —aiz —yi+s <b;, i=1,....m

(aj <xj <Py, yi >0, 2>0, s; >0)

where the strict inequalities within parentheses will be satisfied automatically because of the
logarithm terms in the objective function.

11



5.3. A Newton direction for the relaxed optimality conditions

Assume that a point w = (x,y,2,\, &, 1, 1, (,s) which satisfies (5.9j)—(5.9n) is given, and
assume that, starting from this point, Newton’s method should be applied to (5.9a)-(5.9i).
Then the following system of linear equations in Aw = (Ax, Ay, Az, AN, A&, An, Ap, A, As)
should be generated and solved.

U GT  (—e) (e) Az —0y
(d) (—e) (—e) Ay —dy

—aT -1 Az —6,

G (—e) —a (e) AN —0)
(&) (z—a) AS | = —d
(=) (B—xz) An —0y
(w) (y) Ap —0,

¢ z A —0¢

(s) (\) As —5,

where 0, ...,0s are defined by the left hand sides in (5.9a)—(5.9i),
_ 0% 2 240

U is an n X n diagonal matrix with (¥),; , (5.11)
Tooxd o (uy—w)t (w1
: . : 9y Pij dij
G is an m X n matrix with (G);; = =— = J — J , (5.12)
T0ry (wy—w)? (x5 — 1)
(d) is a diagonal matrix with the vector d = (dy,...,d,,)" on the diagonal,
(x—a) is a diagonal matrix with the vector x—a on the diagonal, etc.
e is a vector (1,...,1)7 with dimension apparent from the context, so that
(e ) is a unity matrix, with dimension apparent from the context.
In the above Newton system, A&, An, Au, A¢ and As can be eliminated through
Al = —(z—a) N E)Ax — £ +elz—a) e, (5.13a)
An = (B—a) " (n)Ax —n+e(f—x)le, (5.13b)
Ap=—(y) (p)Ay—p+ey) e, (5.13¢)
Al =—(¢/2)Az—(+¢e/z, (5.13d)
As=—(A)"Hs)AN—s+e(N) e, (5.13e)

12



Then the following system in (Az, Ay, Az, A)) is obtained.

D, (—e) Ay —
= (5.14)
¢/z —a’ Az —0.
G (—e) —a —D, A —oy
where
Dy =0+ (z—a) &)+ (B—2)"(n), (adiagonal matrix) (5.15a)
Dy=(d)+(y) ' u), (adiagonal matrix) (5.15b)
Dy=(X)"Ys), (adiagonal matrix) (5.15¢)
= 0
0y = 9v —elz—a) te+e(B—x)" e, (5.15d)
Ox
oy =c+(d)y—r—e(y)le, (5.15¢)
6. =ag—Na—¢e/z, (ascalar) (5.15f)
S)\:g(;z)—az—y—b+€<)\>716. (5.15g)
i(A 10
In (5.15d), 9 is a vector with the n components w = 10 5 () 5
Oz wj o (uy =) (25— 1)
Next, Ay can be eliminated from the system (5.14) through
Ay =D, 'AXN—D;'s,. (5.16)
Then the following system in Az, Az and A\ is obtained.
D, GT Az —0y
¢/z —a’ Az | =] -6, (5.17)
G —a -Dy, A —0xy
where
Dy, =Dy + Dy_l, (a diagonal matrix) (5.18a)
Oxy = 0x+ D14, (5.18b)

13



In this system (5.17), either Az or AX can be eliminated. If Az is eliminated through
Az = —-D;'GTAN - D16, (5.19)

the following system in AX and Az is obtained.

Dy, +GD;'GT  a AN oy — GD; 16,
= (5.20)
a” —(/z Az 5.
If, instead, A\ is eliminated from the system (5.17) through
AN =D} GAx — D} lalz + Dy [0y, (5.21)
the following system in Az and Az is obtained.
D,+G"D)G  —G"Djla Az —6, — GTD; 95y
= (5.22)
—a"Dy)G (/24" Dy a Az —b. +a’' D} by,

Note that the size of the system (5.20) is (m+1) x (m+ 1), while the size of the system (5.22)
is (n + 1) x (n+ 1). Therefore, typically, the system (5.20) should be preferred if n > m,
while the system (5.22) should be preferred if m > n.

In both the systems (5.20) and (5.22), it is of course possible to eliminate also the variable
Az (and reduce the systems to m x m and n x n, respectively), but for numerical reasons it is
not wise to do that. As an example, if a is dense (many non-zeros) then the system obtained
after eliminating Az will be dense, even if the original system (5.20) or (5.22) is sparse.

5.4. Line search in the Newton direction

When the Newton direction Aw = (Az, Ay, Az, AN, AE, An, A, A, As) has been calculated
in the given point w = (z,y, 2, A\, &, n, 1, (, s), a step should be taken in that direction.

A pure Newton step would be to take a step equal to the calculated direction, but such a
step might lead to a point where some of the inequalities (5.9j)—(5.9n) are violated.
Therefore, we first let ¢ be the largest number such that

t<1, z;+tAz; —a; > 0.01(z; — o) for all j, B; — (z; +tAx;) > 0.01(5; — x;) for all j,
and (y> 2 )‘7 ga 5 Ky Ca S) =+ t(Aya AZ? A)‘v Ag? A777 A/.L, AC) AS) > 0.01- (ya 2, >‘7 67 5 K, Ca 3)-
Further, the new point should also be in some sense better than the previous.

Therefore, we let 7 be the largest of ¢, t/2, t/4, t/8,... such that

[6(w +7-Aw)|| < [6(w)l,

where d(w) is the residual vector defined by the left hand sides in the relaxed KKT conditions
(5.9a)—(5.91), and || - || is the ordinary Euclidian norm. This is always possible to obtain since
the Newton direction is a descent direction for ||§(w)]|.
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5.5. The complete primal-dual algorithm

First of all, e and a starting point w(® = (1) y1 21 XD ) 51 @) 1) 1))
which satisfies (5.9j)—(5.9n) are chosen. The following is a sunple but reasonable choice.
cW =1, o) = Lo+ 8), V=1, 20 =1, (D=1, A =1, sV =1,

fj(-l) = max{1, 1/(xj —a;)}, 77j :max{l, 1/(53'—:6]- )}, ,u,- Zmax{l, ci/2}.

A typical iteration, leading from the f:th iteration point w(® to the (¢41):th iteration
point w1 consists of the following steps.

Step 1: For given ) and w(® which satisfy (5.9j)—(5.9n),
calculate Aw® as described in section 5.3 above.

Step 2: Calculate a steplength 79 as described in section 5.4 above.
Step 3: Let wD) = w® + (0. Ayp®.

Step 4: If ||5(w™) || < 0.9 let D =0.1£0.
Otherwise, let e+ = 5(6). Increase ¢ by 1 and go to Step 1.

The algorithm is terminated when e has become sufficiently small, say ) < 107
and || 5(w™) || < 0.9,
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6. A small test problem

Consider the following problem on the form (1.2) in the variables x = (1, z2,23)":
minimize % + 23 + 23
subject to  (z1 —5)? + (22 — 2)? + (z3 — 1)?
(1’1 — 3)2 + (.%'2 — 4)2 + ($3 — 3)2
0<a; <5, j=12,3,

9,
. (6.1)

With ¢; = c2 = 1000, d =d2 =1, a; = ag = 0 and ap = 1, the corresponding problem (1.1)
becomes:
minimize 2% + 23 + 23 + z + 1000(y1 + y2) + 5 (7 + v3)
subject to (w7 —5)% + (z2 —2)2 + (23 — 1)2 =9 —y; <0,
(x1 = 3)* + (22 —4)* + (23 = 3)* =9 — 42 <0,
0<z; <5, 7=1,2,3, 9120, 32>0, z=>0.

(6.2)

With (xgl), xgl),xgl)) = (4,3,2), it turned out that ygk) = yék) = 2 = 0 for all k, while
the iteration points and function values for k < 7 are shown in the following tables:

k)2 |2l | 2l [ ®) | AG®) | )
1| 4.0000 | 3.0000 | 2.0000 | 29.0000 | —6.0000 | —6.0000
2123903 | 1.8057 | 0.9929 | 9.9599 | —2.1517 0.2152
MMA- 312.0385 | 1.7624 | 1.2417 8.8030 | —0.1143 0.0232
4120178 | 1.7786 | 1.2392 8.7703 | —0.0002 0.0000
5120176 | 1.7794 | 1.2383 8.7702 0.0000 | —0.0000
6 |2.0176 | 1.7798 | 1.2378 8.7702 0.0000 | —0.0000
7120175 | 1.7800 | 1.2376 8.7702 | —0.0000 | —0.0000
k)2 | 2l | 2l ] ae®) | AG®) | Be®)
1| 4.0000 | 3.0000 | 2.0000 | 29.0000 | —6.0000 | —6.0000
212.5550 | 1.8906 | 1.0765 | 11.2616 | —3.0043 | —0.6529
3120722 | 1.7959 | 1.1910 8.9376 | —0.3497 | —0.0086
GCMMA:
4 12.0162 | 1.7914 | 1.2244 8.7730 | —0.0030 | —0.0011
512.0170 | 1.7835 | 1.2335 8.7704 | —0.0000 | —0.0001
620174 | 1.7807 | 1.2367 8.7703 | —0.0000 | —0.0000
7120175 | 1.7801 | 1.2374 8.7702 | —0.0000 | —0.0000
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